Abstract-The binding in protein-protein interactions exhibits a kind of biochemical stability in cells. The mathematical notion of fixed points also describes stability. A point is a fixed point if it remains unchanged after a transformation by a function. Many points may not be a fixed point, but they may approach a stable status after multiple steps of transformation. In this paper, we define a point as a protein motif pair consisting of two traditional protein motifs. We propose a function and propose a method to discover stable motif pairs of this function from a large protein interaction sequence data set. There are many interesting properties for this function (for example, the convergence). Some of them are useful for gaining much efficiency in the discovery of those stable motif pairs; some are useful for explaining why our proposed fixed point theorems are a good way to model the binding of protein interactions. Our results are also compared to biological results to elaborate the effectiveness of our method.
INTRODUCTION
L ET f be a function and x be a point in its domain, if fðxÞ ¼ x, then x is called a fixed point for f. A famous fixed point theorem in modern mathematics, proposed by Brouwer in 1911, says that any continuous function f : B ! B, where B is a closed ball in R n , has at least one fixed point [1] . An easy example of fixed points is x ¼ 1 for fðxÞ ¼ 2x À 1. Hence, the idea of fixed points is to find conditions under which a function possesses a point that maps into itself. An interesting instantiation of this mathematical notion is in life science: The DNA of a cell can be split into two parts, then they grow, in two separate cells, to become the same DNA as the original one after selfreplicating. In this example, the x is the DNA and the fðxÞ is the laws of physics and chemistry applied to the DNA.
Recently, we made an important discovery for fixed points at protein type level [2] . The study is on genomic sequences of a gene family. This family of genes is called C2H2 Zinc-Finger genes, consisting of 226 members. A characteristic of this gene family is the frequent presence of tandem repeats. An interesting problem about these genes is whether they can be translated into the same type of protein before and after a frameshift. We found 12 of them that can be each translated into the same type of protein after frameshifts. Again, this is a fixed point phenomenon. The x is the protein type, the function fðxÞ is the frameshift.
In this paper, we apply fixed point theorems to model the binding in protein-protein interactions, where we define a point as a protein motif pair [22] , [23] consisting of two traditional protein motifs. To transform starting motif pairs to become stable motif pairs, we propose a function f D , where D is a protein interaction sequence data set. Next, we explain why we choose a motif pair instead of a traditional single motif as a point and why this in-silico study is important.
A protein is a complex, high molecular weight organic compound that consists of linear amino acids joined by peptide bonds. Proteins are essential to the structures and functions of all living cells and viruses. Many proteins are enzymes or subunits of enzymes. Other proteins play structural or mechanical roles. Since a protein is a chain of amino acids, it can be mathematically represented by a string of the abbreviations 1 of the 20 standard amino acids, allowing repetitions. The life of cells depends on the interactions of proteins [3] . The interactions are through the so-called binding motifs [4] , each a region on a protein, to connect pairs of proteins.
In the biology field, it is a challenging problem to identify binding motifs. A commonly used way is to examine the 3D structure of the so-called protein complex data [5] generated by X-ray crystallography [6] , [7] or by multidimensional nuclear magnetic resonance (NMR) [8] , [9] . But, these methods are time-consuming and expensive. However, it is relatively easy and economical to get the amino acid sequence data (strings of amino acid letters) for a pair of interacting proteins, and these interaction sequence data have been shown to be useful for discovering single binding motifs. (See Bork and Koonin [4] and Brazma et al. [10] for a good survey about the algorithms to discover binding motifs.)
In this paper, we are more interested in binding motif pairs consisting of two traditional protein motifs and trying to discover them using fixed point theorems from large amounts of protein interaction sequence data. A recent study reported that protein interactions could be determined by correlated mutations during evolution [11] . For example, the coevolution of interacting protein pairs has long been observed in such well-known interacting protein pairs as dockerins and cohesins [12] , as well as insulin and its receptors [13] . These mutations are thought to be interactively happening between the binding sites of a pair of interacting proteins: If a residue 2 change incurred in one protein disrupts its interaction with its partner, some compensatory residue changes must also occur in its interacting partner in order to sustain the interaction; otherwise, they will be selected against and be eliminated. Therefore, a more proper way to study the binding of protein interactions is to focus on binding motif pairs instead of only those individual binding motifs.
The correlated mutations in the evolution imply a chain of binding motif pairs. We can assume that the recently survived binding motif pairs should occur more frequently than those ancient binding motif pairs and should be more frequent than those nonbinding motif pairs. Also, the recently survived binding motif pairs should be more stable than others. Otherwise, they would be mutated further. Based on these ideas and assumptions, we emulate the transformation in fixed point theorems to model the evolution of binding sites and use fixed points to model the survived binding sites. As will be seen in Section 7, such discovered stable motif pairs are biologically interesting.
The remainder of the paper is organized as follows: In Section 2, we define basic notations. In Section 3, we give a formal description of the problem. In Section 4, we introduce a function f D that is closely related to a sequence data set D of protein interactions. The function will be used to transform protein motif pairs such that they can become stable ones. In Section 5, we prove and discuss the properties of f D ðXÞ, including the convergence property and the forest-like decomposition of its domain. In Section 6 and Section 7, we introduce a method to select good starting points X and apply our ideas to a massive real-life protein interaction sequence data to find meaningful fixed points. We also give full details of some fixed points and explain their biological meanings to show the significance of our model. We conclude this paper in Section 8.
BASIC NOTATIONS
We use AE to denote the alphabet set of the 20 standard amino acids. All the amino acids are denoted by lowercase letters, but proteins and amino acid patterns are denoted by capital letters. A protein P is defined as a sequence (a string) of amino acids. For example, P can be a 1 a 2 Á Á Á a v , where a i 2 AE for i ¼ 1; Á Á Á ; v. This P is also called a v-length protein. A segment of a protein P is a substring of P where amino acids are connected continuously.
An amino acid pattern, or protein motif, is defined as a sequence (a string) of subsets of AE. Hence, a motif M can be written in the form
The following is an example of protein motifs that was found to be biologically important in signal transduction [14] , [15] . This protein motif is fpgAEflgfpgAEfkrg that binds to the SH3 domain of the protein CrkA. The length of this motif is 6; the second position of this motif is the whole alphabet set, meaning "don't care what is matched." It can also be written as fpg Ã flgfpg Ã fkrg in a traditional way by replacing AE with the sign "Ã." A motif M contained in a protein P is denoted by M P and the segment a iþ1 a iþ2 Á Á Á a iþk is said to match the motif M.
Next, we give definitions related to interactions. A pair of interacting proteins P 1 and P 2 is called a protein pair P P r. This pair is denoted by the set of the two proteins, that is, P P r ¼ fP 1 ; P 2 g. A motif pair, denoted MP r, is a set of two motifs. One of the most important definitions used in this paper is about the inclusion relationship between a motif pair and a protein pair.
Definition 2. Let MP r ¼ fM 1 ; M 2 g be a motif pair and P P r ¼ fP 1 ; P 2 g be a protein pair. MP r is contained in P P r, denoted MP r P P r, if 1) M 1 P 1 and M 2 P 2 or 2) M 1 P 2 and M 2 P 1 .
Let two proteins: P l ¼ eanftw, P r ¼ wefc, and three motifs:
and M 3 ¼ fardg;fncg. Then, the protein P l contains the motif M 1 , i.e., M 1 P l . This is because there exists a 2-length segment an in P l such that a 2 fardg and n 2 fncg. Similarly, M 2 P r . Hence, the motif pair fM 1 ; M 2 g is contained in the protein pair fP l ; P r g.
However, the motif M 3 ¼ fardg;fncg is not contained in any of the two proteins because there does not exist any 3-length segment in P l or P r that can match M 3 . Therefore, motif pairs fM 1 ; M 3 g or fM 2 ; M 3 g cannot be contained in the protein pair fP l ; P r g. But, if M 3 is changed to M 0 3 ¼ ferdg;fncg, then both P l and P r contain M We denote a sequence data set D of n protein pairs by fP P r i ¼fP Definition 3. The support of a motif pair MP r ¼ fM 1 ; M 2 g in a protein sequence data set D is defined as the number of protein pairs in D that contain MP r, denoted by jfP P r i j P P r i 2 D; MPr P r i gj.
PROBLEM STATEMENT
Let D be a sequence data set of interacting protein pairs, the problem studied in this paper is to design a function f D that is closely related to D and then to discover stable motif pairs that are fixed points with regard to f D .
The domain of the function f D is the set of all possible motif pairs. Let us first discuss the possibilities of single motifs. Recall that a motif is a sequence of subsets of AE, denoted by
Hence, if k ¼ 1, then the set of all possible motifs is the power set of AE, denoted PðAEÞ. Then, the possibilities of k-length motifs A 1 A 2 Á Á Á A k can be represented by the following set union:
[
Since motif pairs are pairs of motifs, the set of all possible motif pairs has a much larger size than the domain of single motifs. We use M to denote all possibilities of motif pairs.
Therefore, in a formal way, the problem can be described as follows: Let D be a sequence data set of protein pairs, our objective is to design a function
and to find those stable motif pairs X such that f D ðXÞ ¼ X by using an efficient algorithm.
OUR PROPOSED FUNCTION f D
As discussed, the function f D is to transform a motif pair MP r through an interaction sequence data set D and to make it become a different motif pair MP r 0 in most cases. Ideally, for any motif pair X, the following motif pairs, fðXÞ; fðfðXÞÞ; Á Á Á ; fðÁ Á Á fðXÞÞ, should converge to a stable motif pair. We will show that our proposed f D satisfies these conditions.
Given a motif pair MP r ¼ fM 1 ; M 2 g, our proposed f D involves three steps to transform MP r. In the first step, it discovers a subset of D such that, for every protein pair P P r in this subset, P P r contains the given motif pair MP r. We denote this subset by
In the second step, f D moves to extract a segment pair from every protein pair in s
, then MP r Y . Therefore, there must exist: 1) A segment in P l that matches M 1 and a segment in P r that matches M 2 or 2) a segment in P r that matches M 1 and a segment in P l that matches M 2 . If both cases are true, we choose either of them. In any case, we denote the segment that matches M 1 by segment 1 and the segment that matches M 2 by segment 2 . Observe that M 1 and segment 1 have the same length and, so, for M 2 and segment 2 . Suppose there are u protein pairs in s MP r D , then we can get u number of segment 1 and u number of segment 2 . Let the length of segment 1 be w. Then, the u segment 1 can be represented as the following matrix ½a ij : s , for every column j, denoted by ½a ij ; i ¼ 1; Á Á Á ; u, we choose those a ij whose population in this column is larger than a threshold to form a set denoted by A j . If none of these a ij satisfies the condition, we set this position as ;. Then, the sequence A 1 A 2 Á Á Á A w , a motif, is called the consensus pattern of M 1 . This consensus pattern is denoted by M 0 1 . Similarly, we can find the
The threshold for the amino acids' population in a column is important for the consensus pattern discovery. In this paper, we use 20 percent as the threshold. That is, if the occurrence rate of an amino acid at a column is less than 20 percent, then we drop it, not allowing it to get into the consensus pattern. Absolute support numbers are also possible for the threshold, but we explain later why percentage thresholds are better than absolute ones.
The discussion above assumes that s Next, we use an example to show how f D proceeds. Let a motif pair X be fM 1 ; M 2 g, where s -the segments from the seven protein pairs that match M 1 -is the following matrix: 1 2 3 4 5 a g g g i a g g g y a g g g i a g g g y a g g g i a g g g i a g g g y Observe that M 0 1 is equal to M 1 . This is because, at the fifth column of this matrix, both i and y occur more frequently than 20 percent. Hence, they are kept in the consensus pattern.
Similarly, aln M2 s -the segments that match M 2 -is the following matrix: 1 2 3 4 5 6 7 f g k a s i a f g k a s i a f g k a s i a v g e a e i a v g e a e i a v g e a e i a v g e e n l a Note that M 0 2 is not equal to M 2 . Also, observe that the amino acids e; n; l at columns 4, 5, and 6 (in bold font), respectively, are dropped. Therefore, they do not appear in the fourth, fifth, and sixth set of M
This example has illustrated that f D uses three stepsdiscovery of a subset of D, extraction of segments from this subset, and discovery of consensus patterns-to transform a given motif pair.
PROPERTIES OF f D
This section presents some important properties of f D . In the first part, we prove the convergence property of f D for any starting motif pair and also discuss the forest structure of the domain of f D . In the second part, we discuss some specific properties of f D when the consensus pattern threshold is set as percentage values or set as absolute numbers. In the third part, we explain why using percentage thresholds is a better choice than using absolute numbers for our fixed point theorems to model the binding in protein-protein interactions.
Convergence Properties
Proposition 1. Given a motif pair Y and a sequence data set D of interacting protein pairs, let X ¼ f D ðY Þ and (Note that this is not true when X is an arbitrary motif pair. That is why we need to set X ¼ f D ðY Þ for any Y .)
Let P P r 2 s X 0 D , we prove P P r 6 2 D À s X D . Assume P P r 2 D À s X D , then P P r 6 X. Therefore, for any two segments from P P r, they cannot match M 1 and M 2 at the same time. Therefore, they furthermore cannot match M 
, as desired. t u From this theorem, we can understand: 1) that any starting motif pair will converge to a fixed point (likely an empty pattern) and 2) that different starting motif pairs may converge to the same fixed point. Therefore, the domain of f D can be partitioned into nonoverlapping clusters with each cluster corresponding to one fixed point. More specifically, each cluster is a tree, as proven by the following proposition. Which trees are interesting and biologically meaningful? In the next section, we provide a heuristics. Proof. We denote a motif pair X as a node. If an edge is set from all possible X to f D ðXÞ, the search space can be viewed as a graph. Since f D ðXÞ is unique motif pair, the out-degree of each node should be no more than one. Meanwhile, it is impossible to have a circle in the graph. Assume X 0 ; X 1 . . . X k ; X 0 is a circle. According to Proposition 1, s
Hence, X 0 is a fixed point. Thus, it is impossible to have an out edge to X 1 . Also, by Theorem 1, any motif pair can lead to a fixed point, with the out degree as zero, which is the corresponding root of that tree. t u
Specific Properties
Recall that the definition of f D involves a step for consensus pattern discovery. To find consensus patterns, we need a threshold to filter out those minor amino acids from the alignments. As mentioned, we have two options to select the threshold: One is to use percentage values as the threshold; the other is to use absolute numbers. We denote the former approach as f ð%;DÞ and the latter as f ð;DÞ . The following proposition shows that the stability of a fixed point of f ð;DÞ can be transferred to its submotifs. Here, a motif M 0 is a submotif of motif M if M 0 is a segment of M. , the occurrence of 8a ij in X 0 is also above the threshold. Therefore, X 0 is also a fixed point of f ð;DÞ . t u Proposition 3 says that the fixed points of f ð;DÞ satisfies the famous Apriori-property [16] known in the data mining field. That is, if a submotif pair of a motif pair is not a fixed point, it is impossible for the motif pair to be a fixed point. Therefore, the mining of fixed points of f ð;DÞ should be similar to those algorithms for mining frequent itemsets.
Note that Proposition 3 does not hold if we replace f ð;DÞ with f ð%;DÞ . Proposition 4. Let X and Y be two equal-length stable motif pairs o f f ð;DÞ , w h e r e X ¼ fM
is also a fixed point of f ð;DÞ . The union operation "þ" of two motifs is defined as follows: , the occurrence of 8a ij in X þ Y is also above the support threshold. Therefore, X þ Y is also a fixed point. t u Note that this proposition may not hold if replacing f ð;DÞ with f ð%;DÞ . This is because the occurrence of the union motif pairs not only covers the occurrences of the two original fixed points, but also covers some occurrences from new combinations. Therefore, it is difficult to determine whether the occurrence rate is still above the percentage threshold. Another interesting thing is, if X is not a fixed point, it is impossible for X þ Y to be a fix point of f ð;DÞ .
Proposition 5. Let f ð%;DÞ be the f D under the percentage threshold in the consensus pattern discovery. Let a motif pair In this section, we give a comparison between f ð%;DÞ and f ð;DÞ and explain the reasons why f ð%;DÞ is better than f ð;DÞ to model the binding in protein-protein interactions. First, let us examine the most likely lengths of fixed points derived by f ð%;DÞ and f ð;DÞ . According to Proposition 3, for a long stable motif pair X of f ð;DÞ , all submotif pairs of X are also fixed points of f ð;DÞ . In extreme cases, those many 1-1 pairs are stable motif pairs. In biology, they are called residue-reside interaction pairs [17] . Though they may be fundamental components of some binding sites, they may have very high false positive rate. One way to solve this problem is to discover only those maximal fixed points of f ð;DÞ which are similar to a well-studied data mining concept called maximal frequent patterns [18] , [19] . On the other hand, both very short and very long motif pairs are unlikely to be fixed points of f ð%;DÞ due to the equal possibility for short motif pairs and rare possibility for long motif pairs. This property of f ð%;DÞ is very consistent with the observations in biology [20] that most binding sites generally include more than 10 but less than 20 residues. In fact, the lengths of our discovered stable motif pairs of f ð%;DÞ match very well with those of real motif pairs.
Second, let us discuss the union ("þ") operation for f ð%;DÞ and f ð;DÞ . According to Proposition 4, the union of any two equal-length fixed points of f ð;DÞ is also a fixed point of f ð;DÞ , but this flexibility does not hold for fixed points of f ð%;DÞ . In the real biology circumstances, this union property does not usually hold for binding sites either. For example, a study on active sites [21] shows that only specially selected amino acids (not arbitrarily united) are possible to compose a binding site or an active site. The union property of fixed points of f ð;DÞ also leads to another bad consequence: The motif pairs with large set in all positions are more likely to be fixed points. In the extreme case, the motif pairs which contain only full alphabet sets in each position are most likely to be fixed points. It is obviously meaningless from a biology perspective. However, f ð%;DÞ does not produce such fixed points.
Hereby, f ð%;DÞ is better than f ð;DÞ for modeling the binding in protein-protein interactions as it reflects more properties of the real binding sites. However, f ð%;DÞ has the singleton problem, as discussed in Proposition 5. By this proposition, every segment pair from any protein pair of D is a fixed point of f ð%;DÞ . Hence, it seems that there are many easy fixed points for f ð%;DÞ . Therefore, we need other statistical measurements to remedy this, for example, using the support level or P-score of these fixed points in D or biological evidence, as discussed in another paper [22] , to filter out some easy ones. In the remainder of this paper, any f D refers back to f ð%;DÞ .
SELECTION OF STARTING POINTS FOR f D
Starting from any motif pair, we have already known (by Theorem 1) that this motif pair will become a fixed point after a number t 0 times of transformation by f D . Since the domain of the function f D is huge, in this section, we discuss a method to select good candidates for starting motif pairs so that the resulting fixed points can have good biological significance.
As discussed in the introduction of this paper, protein interaction data are categorized into two types: protein interaction sequence data and protein complex data. Existing biotechnologies can generate high-throughput protein interaction sequence data efficiently. But, it is expensive and time-consuming to generate protein complex data. However, only protein complex data contains clear 3D structure information for interacting proteins. From a protein complex, the exact locations of binding sites of the interacting proteins can be determined by calculating the distances between amino acids in a pair of proteins in this complex.
Hereby, in this paper, we use protein complex data as our platform because these data can provide important clues to guide the selection of meaningful starting motif pairs. We first discover binding sites from this kind of biologically reliable data. Then, we generalize these binding sites and then transform those generalized patterns by our f D to get stable motif pairs.
In one of our previous studies [23] , we proposed a method to discover binding sites from protein complex data. These binding sites are called maximal contact segment pairs [23] . Two segments from two proteins are a contact segment pair if every residue in one segment can find at least one contact residue in the opposite segment, where the contact of two residues means that at least one of their atom pairs has Euclidean distance less than a threshold. A contact segment pair is maximal if no any other contact segment pair in the same protein pair contains both segments of this contact segment pair, capturing contact segment pairs as lengthy as possible. The maximal contact segment pairs are then generalized into starting motif pairs. The formal definitions and explanations about maximal contact segment pairs and the search algorithms can be found in our previous work [23] .
SOME REAL-LIFE EXAMPLES
In this section, we report some fixed points of f D discovered from a real-life sequence data set D of interacting protein pairs. This sequence data set was constructed by von Mering et al. [24] . It consists of 78,390 nonredundant interactions, containing almost all the latest interacting protein pairs in yeast genome produced by various experimental and highconfident computational methods. The lengths of these proteins are typically from hundreds to thousands. The data is also available at our Web site (http://sdmc.i2r.a-star. edu.sg/BindingMotifPairs).
Our starting motif pairs are also discovered from a reallife protein complex data set. This protein complex data set is derived from PDB (http://www.rcsb.org/pdb/). It consists of 1,533 entries that have at least two chains, by using online search tools in PDB-REPRDB (http:// mbs.cbrc.jp/pdbreprdb-cgi//reprdb_query.pl). In this complex data set, the maximum pairwise sequence identity between any two complexes is 30 percent and each complex has a structure of resolution 2.0 or higher.
From this protein complex data, we identified 1,222 starting motif pairs. After transformation by f D , 913 of them become fixed points that are not empty patterns. (That is, 309 of the 1,222 starting motif pairs become the empty pattern: f; Á Á Á ;; ; Á Á Á ;g.) Most of the 913 stable motif pairs have a length between 10 and 20. About 30 percent of these stable motif pairs have a support of at least 10 in D. Table 1 gives an example showing the transformation from a starting motif pair to a fix point, where three rounds of transformations by f D are reported.
Next, we give full details for one of the 913 stable motif pairs to see how it is discovered, where its origin is, and what its biological significance is. This stable motif pair is ffggflygfdgfiygfivg; frgfggflgfggflgfvgfrgffgg; denoted by MP r example ¼ fM 1 ; M 2 g, where
Its origin is located at the so-called pdb1ors protein complex [25] . Specifically, the motif
is evolved from the segment gydyf at the chain B of the pdb1ors complex. These five amino acids are indexed from 99 to 103 residues in the chain B. See Fig. 1 . To combine these amino acids and their positions together, this segment is sometimes written as ½g99; y100; d101; y102; f103. The motif M 2 ¼ frgfggflgfggflgfvgfrgffg is rooted at the segment aglglfrl at the chain C of the pdb1ors complex. These eight amino acids are indexed from 111 to 118 residues in the chain C. This segment is sometimes written as ½a111; g112; l113; g114; l115; f116; r117; l118 to combine the amino acids and their positions together.
The segment pair, ½g99; y100; d101; y102; f103 and ½a111; g112; l113; g114; l115; f116; r117; l118, is a maximal contact segment pair. We use Fig. 2 , abstracted from Fig. 1 , to demonstrate it.
Using our method proposed in [23] , this maximal segment pair fgydyf; aglglfrlg is generalized to the following starting motif pair X:
After one step of transformation by f D , this starting motif pair X becomes the fixed point MP r example , i.e., f D ðXÞ ¼ MP r example .
We also found that this stable motif pair MP r example is statistically significant after examining its support level against random motif pairs. The support of motif fggflygfdgfiygfivg is 15 in the yeast protein set (not the protein interaction sequence data set D) and the support of motif frgfggflgfggflgfvgfrgffg is 2 with respect to the same protein set. The support of MP r example as a pair is 6 in the protein interaction sequence data set D. Then, we generated 1,000 random motif pairs according to MP r example , where each random motif pair is generated by substituting every residue in MP r example with a random residue. Therefore, the random motif pairs have the same length as MP r example . The distribution of the randomly generated residues follows the same distribution of all the residues in the whole yeast genome. For these 1,000 random motif pairs, the average support of the random motifs corresponding to fggflygfdgfiygfivg is 11.14, the support of every random motif corresponding to frgfggflgfggflgfvgfrgffg is 0. Consequently, the support for any of those 1,000 motif pairs is also 0 in the protein interaction sequence data set D. From these statistical numbers of MP r example and its equal-length 1,000 random motif pairs, we can see that MP r example has occurrence much more than its random expectation in single motifs or in pairs. Therefore, the stable motif pair MP r example is indeed not a random result.
We also found some biological significance of the motif pair MP r example . In biology, Pellicena and Miller [26] studied a protein motif M P M ¼ fygfdgfygfvg within the protein p130Cas of v-Src transformed cells. This motif was biologically confirmed to bind to the Src homology 2 (SH2) domain that is a protein domain with about 100 amino-acid residues in many intracellular signal-transducing proteins [27] . We had the following observations after comparing these biological literature results with our computational results:
. M P M ¼ fygfdgfygfvg is similar to the left motif fggflygfdgfiygfivg of our motif pair MP r example . . The segment lvrf in the SH2 domain partially matches our right motif frgfggflgfggflgfvgfrgffg of MP r example . The precise location of the segment lvrf is from positions 118 to 121 at the SH2 domain of the protein SH2A HUMAN, and from positions 139 to 142 at the SH2 domain of the protein SH2A MOUSE.
At the left side of the matched segments in the SH2 domain, there is a segment qgcy from 114 to 117 in SH2A HUMAN. The residue q at position 114 of this segment is a structure interchangeable residue of r [28] ; the residue g at position 115 exactly matches with the second residue in our motif; at position 116, both residue c and l are hydrophobic residues that imply some structure similarity; at position 117, both residue y and residue g are surface residues (charged/polar residues). Similarly, we find a segment gcy from 136 to 138 in SH2A MOUSE. Hereby, the right motif of MP r example has five positions which are exact matches and two positions which are compatible with the biological protein sequences (from a domain of 92 residues). . There are total 295 proteins containing SH2 domains, where the segment lvr occurs in 139 of them. (This can be seen from the prosite: http:// tw.expasy.org/prosite/.) Moreover, the segment lvr locates near the most conserved region in the domain, where the most conserved region is just between g-the second residue and r-the last second residue. (See http://tw.expasy.org/cgi-bin/ aligner?psa=PS50001&color=1&maxinsert=10&line len=0). This implies that the motif pair we discovered is likely to be the most critical factor for the binding between the fygfdgfygfvg motif in p130Cas and SH2 domain. Finally, in this section, we describe two more examples to explain the biological significance of our discovered fixed points. Vancompernolle et al. [29] reported a result that protein actobindin contains an actin-binding motif fvgfthgfvgfkgfkgfvg. From our discovered 913 stable motif pairs, we observed that there are three motif pairs containing motifs that are similar to the actin-binding motif fvgfthgfvgfkgfkgfvg. The left side and right side of the three motif pairs are listed in the second and third column of Table 2 , respectively. A more interesting observation is that the three right-side motifs are all contained in the sequence of the protein actin or its associated proteins.
Kay et al. [15] performed a study on the interaction of proline-rich motifs in signaling proteins with their cognate domains. Four binding motifs (called binding consensus sequences in [15] ) are listed in the first column of Table 3 . From our discovered binding motif pairs, we observed that there are four motif pairs containing a motif that is similar to one of the four binding motifs. The four motif pairs are listed in the second and third columns of Table 3 . Another observation is that our right-side motifs are all contained in the proteins in the last column of Table 3 , which are reported to bind to the corresponding consensus sequences in the first column [15] . (Note that similar results have been obtained by using emergence significance measurement in our previous work [23] .)
These observations indicate that the stable motif pairs discovered by our fixed-point-based method would possess a strong biological meaning. An important implication of this is that our discovered binding motif pairs are likely to be real biological binding sites. Therefore, this computational method would have a potential guidance role to play for the identification of real biological binding sites.
CONCLUSION
In this paper, we have proposed a fixed point theorem to model the binding in protein-protein interactions where a point is defined as a protein motif pair consisting of two traditional protein motifs. The transformation by a function emulates the evolution of binding sites, while the fixed points of the function models the binding sites. To discover stable motif pairs from the sequence data of interacting protein pairs, we proposed a mathematical function f D . The transformation of a motif pair by f D involves three steps: the discovery of a subset of D, the extraction of alignments from this subset, and the discovery of two consensus patterns. We have proven that f D is a convergent function for any starting motif pairs. In this paper, we have also discussed that f ð%;DÞ is better than f ð;DÞ for modeling the binding in protein-protein interactions as it reflects more properties of the real binding sites. We applied our method to a huge real-life data set and found many biologically interesting motif pairs. As future work, we will collaborate with biologists to confirm our results using wet experiments. Meanwhile, we are also working on different functions f D to see whether it can be optimized. . For more information on this or any other computing topic, please visit our Digital Library at www.computer.org/publications/dlib.
